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0.1 Definitions 

A bilinear form on a vector space V over a field F is a map 

H :VxV ^¥ 

such that 

(i) H{vi + V2,w) = H{vi,w) + H{v2,w), for all vi,V2,w G V 

(ii) H{v,wi + 'W2) = H{v,wi) + H{v,W2), for all wi, W2 S V 

(iii) H{av, w) = aH{v, w), for all v,w G V,a g¥ 

(iv) H{v, aw) = aH{v, w), for all «; e V, a e F 

A bilinear form H is called symmetric if H{v, w) = H{w, v) for all v,w €V. 
A bilinear form H is called skew-symmetric if H{v,w) = —H{w,v) for all 
v,w gV. 

A bilinear form H is called non-degenerate if for all v G V, there exists 
w gV, such that H{w, v) ^ 0. 

A bilinear form H defines a map iJ^ : V ^ V* which takes w to the linear 
map V H{v,w). In other words, H'^{w){v) = H{v,w). 

Note that H is non-degenerate if and only if the map -ff* : V ^ V* Is 
injective. Since V and V* are finite-dimensional vector spaces of the same 
dimension, this map is injective if and only if it is invertible. 

0.2 Matrices of bilinear forms 

If wc take V = ¥^, then every n x n matrix A gives rise to a bilinear form by 
the formula 

Ha{v, w) = v*Aw 

Example 0.1. Take V = M?. Some nice examples of bilinear forms are the 
ones coming from the matrices: 



"1 


0' 




1 " 




■ 1" 





1 




-1 


1 


-1 
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Conversely, if V is any vector space and if Wi, . . . , v„ is a basis for V, then 
we define the matrix [H]^^ ^ for H with respect to this basis to be the matrix 

whose i, j entry is H{vi,Vj). 

Proposition 0.2. Take V = ¥^. The matrix for Ha with respect to the stan- 
dard basis is A itself. 

Proof. By definition, 

Ha (sj ) 6j ) = e j A.ej = A^j . 

□ 

Recall that if ^ is a vector space with basis wi , . . . , w„ , then its dual space 
V* has a dual basis ai, . . . , a„. The element aj of the dual basis is defined as 
the unique linear map from F to F such that 



aj{vi) 



1 if z = j 
otherwise 



Proposition 0.3. The matrix for H with respect to vi,. . . ,Vn is the same as 
the matrix for vi,. . . ,Vn and ai , . . . , with respect to the map -.V ^V* . 

Proof het A=[H*]'^li::-i^^. Then 

n 
k=l 

Hence, H{vi,Vj) = H'^{vj){vi) = Aij as desired. □ 

From this proposition, wc deduce the following corollary. 

Corollary 0.4. H is non- degenerate if and only if the matrix is 
invertible. 

It is interesting to see how the matrix for a bilinear form changes when we 
changes the basis. 

Theorem 0.5. Let V be a vector space with two bases vi, . . . , w„ and wi, . . . , w„. 
Let Q be the change of basis matrix. Let H be a bilinear form on V. 
Then 

Proof. Choosing the basis vi, . . . ,Vn means that wc can consider the case where 
y = F", and vi,. . . ,Vn denotes the standard basis. Then wi, . . . , w„ are the 
columns of Q and Wi = Qvi. 

Let A = [H] „ . 

So we have 

H{wi,Wj) = WiAwj = {QvifAQvj = vlQ^AQvj 
as desired. □ 
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You can think of this operation A Q*AQ as simultaneous row and column 
operations. 



Example 0.6. Consider 



A = 



4 
4 2 



After doing simultaneous row and column operations we reach 

Q'AQ 

The new basis is (1, -2), (0, 1). 



-8 
2 



0.3 Isotropic vectors and perp spaces 

A vector v is called isotropic if H(y, v) = 0. 

If H is skew-symmetric, then H(y, v) = —H{v, v), so every vector is isotropic. 

Let -ff be a non-degenerate bilinear form on a vector space V and letW CV 
be a subspace. We define the perp space to W as 



{v€V: H{w,v) = for all w &W} 



Notice that W-^ may intersect W. For example if W is the span of a vector v, 
then W C W-^ if and only if v is isotropic. 



Example 0.7. If we take with the bilinear form 

isotropic vector and span{l, 1)^ = span{l, 1). 







then (1, 1) is an 



So in general, V is not the direct sum of W and W-^. However, we have the 
following result which says that they have complementary dimension. 

Proposition 0.8. dimPF-'- = dimF — dimW^ 

Proof. We have defined : V ^ V*. The inclusion of W C V gives us a 
surjective linear map tt : F* — >■ W*, and so by composition we get T = -koH* : 
V W*. This map T is surjective since iJ* is an isomorphism. Thus 

dim null(T) = dimV - dim W* = dimV - dim W 

Checking through the definitions, we see that 

V e null(T) if and only if H*{v){w) = for &\\w&W 

Since H'^{v){w) = H{w,v), this shows that v G null(r) if and only ii v £ W-^. 
Thus W-^ = null(T) and so the result follows. □ 
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1 Symmetric bilinear forms 

We will now assume that the characteristic of our field is not 2 (so 1 + 1^0). 
1.1 Quadratic forms 

Let H he a, symmetric bilinear form on a vector space V. Then H gives us a 
function Q : V ^ ¥ defined by Q{v) = H{v,v). Q is called a quadratic form. 
We can recover H from Q via the equation 

H{v, w) = ^iQ{v + w)- Q{v) - Q{w)) 

Quadratic forms are actually quite familiar objects. 

Proposition 1.1. Let y = F". Let Q he a quadratic form on F". Then 
Q{xi, . . . , Xn) is a polynomial in n variables where each term has degree 2. Con- 
versely, every such polynomial is a quadratic form. 

Proof. Let Q be a quadratic form. Then 

Q{X1, . . . ,Xn) = [Xl- --XnlA 

for some symmetric matrix A. 
Expanding this out, we see that 

Q(^xi, . . . , Xji) = ^ ^ AijXiXj 

and so it is a polynomial with each term of degree 2. Conversely, any polynomial 
of degree 2 can be written in this form. □ 

Example 1.2. Consider the polynomial x"^ + Axy + 3y^. This the quadratic 

fl 2" 

form coming from the bilinear form Ha defined by the matrix A = „ „ . 



Xl 
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We can use this knowledge to understand the graph of sohitions to + 



4a;?/ + 3j/^ = 1. Note that Ha has a diagonal matrix 







with respect to 



= c? -\?. Thus 



the basis (1, 0), (-2, 1). This shows that Q(a(l, 0) + &(-2, 1)) 
the solutions of + 4a:;t/ + 3y^ = 1 are obtained from the solutions to — 6^ = 1 
by a linear transformation. Thus the graph is a hyperbola. 



1.2 Diagonalization 

As we saw before, the bilinear form is symmetric if and only if it is represented 
by a symmetric matrix. We now will consider the problem of finding a basis for 
which the matrix is diagonal. We say that a bilinear form is diagonalizable if 
there exists a basis for V for which H is represented by a diagonal matrix. 

Lemma 1.3. Let H be a non-trivial bilinear form on a vector space V. Then 
there exists v €V such that H{v,v) ^ 0. 

Proof. There exist u, w £ V such that H(u, w) ^ 0. If ll(u, u) ^ or w) ^ 

0, then we are done. So we assume that both u, w are isotropic. Let v = w. 

Then H{v, v) = 2H{u, vd) ^ 0. □ 

Theorem 1.4. Let H be a symmetric bilinear form on a vector space V. Then 
H is diagonalizable. 

This means that there exists a basis wi, . . . , w„ for V for which [-ff]t;i,...,t;„ is 
diagonal, or equivalently that H{vi, vj) = if i ^ j. 

Proof. We proceed by induction on the dimension of the vector space V. The 
base case is dimF = 0, which is immediate. Assume the result holds for all 
bilinear forms on vector spaces of dimension n — 1 and let F be a vector space 
of dimension n. 

If iJ = 0, then we are already done. Assume H 0, then by the Lemma we 
get V €V such that H{v, v) ^ 0. 

Let W = span(u)-'-. Since v is not isotropic, W ® span(?;) = V. Since 
dim W = n — 1, the result holds for W. So pick a basis vi, . . . , Vn-i for W for 
which Hw is diagonal and then extend to a basis vi,. . . , Vn-i,v for V. Since 
Vi G W, H{v, Vi) = for i = 1, . . . , n — 1. Thus the matrix for H is diagonal. □ 



1.3 Diagonalization in the real case 

For this section we will mostly work with real vector spaces. Recall that a 
symmetric bilinear form H on a real vector space V is called positive definite if 
H{v, v) > for all V G V, V 0. A postive-definite symmetric bilinear form is 
the same thing as an inner product on V. 

Theorem 1.5. Let H be a symmetric bilinear form on a real vector space V. 
There exists a basis vi,. . . ,Vn for V such that [H]vi,...,v„ is diagonal and all the 
entries are 1,-1, or 0. 
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We have already seen a special case of this theorem. Recall that if H is an 
inner product, then there is an orthonormal basis for H. This is the same as a 
basis for which the matrix for H consists of just Is on the diagonal. 

Proof. By the previous theorem, we can find a basis Wi, . . . , Wn for V such that 
H{wi,Wj) = for i ^ j. Let = H{wi, un) for i = 1, . . . , n. Define 

j^Wi, if Oi > 

^Wi, if ai < (1) 
Wi, if aj = 

Then H{vi,Vi) is either 1,-1, or depending on the three cases above. Also 
H{vi, Vj) = for i ^ j and so we have found the desired basis. □ 

Corollary 1.6. Let Q be a quadratic form on a vector space V. There exists a 
basis vi,. . . ,Vn for V such that the quadratic form is given by 

Q{xiVi H h XnVn) = X^ -\ h SJp - X^+i X^+g 

Proof. Let be a associated bilinear form. Pick a basis ui , . . . , u„ as in the 
theorem, ordered so that the diagonal entries in the matrix are Is then —Is, 
then Os. The result follows. □ 

Given a symmetric bilinear form H on a real vector space V, pick a basis 
Vi, . . . ,Vn for V as above. Let p be the number of Is and q be the number of 
— Is in the diagonal entries of the matrix. The following result is known (for 
some reason) as "Sylveter's Law of Inertia" . 

Theorem 1.7. The numbers p,q depend only on the bilinear form. (They do 

not depend on the choice of basis wi, . . . , w„.j 

To prove this result, we will begin with the following discussion which applies 
to symmetric bilinear forms over any field. Given a symmetric bilinear form H, 
we define its radical (sometimes also called kernel) to be 

rad(F) = {wgV : H{v, w) = for all v€V} 

In other words, rad(i?) = V-^. Another way of thinking about this is to say 
that rad(i?) = null(il#). 

Lemma 1.8. Let H be a symmetric bilinear form on a vector space V. Let 
vi,. . . ,Vn be a basis for V and let A = [H]vi,...,vn ■ Then 

dim rad(il) = dim V — rank(A) 

Proof. Recall that A is actually the matrix for the linear map iJ*. Hence 
rank(^) = rank(iJ#). So the result follows by the rank- nullity theorem for 
H*. □ 
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Proof of Theorem 1.7. The lemma shows us that p + q is an invariant of H. So 
it suffices to show that p is independent of the basis. 

Let 

p = max (dim : W is a subspacc of V and H\^/ is positive definite) 

Clearly, p is independent of the basis. We claim that p = p. 
Assume that our basis is ordered so that 

H{vi,Vi) = 1 for i = 1, . . .p, 

H{vi,Vi) = -1 hv i = p + 1, . . . ,p + q, and 

H{vi, Vi) = for i = p + q + 1, . . . ,n 

Let W = span(ui, . . . , Vp). Then dim W = p and so p < p. 

To see that p < p, let be a subspace of V such that H\yy is positive 
definite and dim W = p. 

We claim that W fl span(i;p+i, . . . , Vn) = 0. Let v eW D span(i;p_|_i, . . . , v„), 

V ^ 0. Then H{v,v) > by the definition of W. On the other hand, if 

V e span(i;p+i, . . . , Vn), then 

V = .Xp+l'L'p+l H \-X„Vn 

and so H{v,v) = —Xp_^_i — ■■■ — Xp_^_q < 0. We get a contradiction. Hence 

W n span(wp+i, ...,?;„)= 0. 
This implies that 

dim W + dim span(t;p+i ,...,«„) < n 

and so p < n — {n — p) = p as desired. □ 

The pair (p, q) is called the signature of the bilinear form H. (Some authors 
use p — g for the signature.) 

Example 1.9. Consider the binear form on given by the matrix 
has signature (1,-1). 

Example 1.10. In special relativity, symmetric bilinear forms of signature (3, 1) 

are used. 

In the complex case, the theory simplifies considerably. 

Theorem 1.11. Let H be a symmetric bilinear form on a complex vector space 
V. Then there exists a basis wi, . . . ,w„ for V for which ...,,)„ is a diagonal 
matrix with only Is or Os on the diagonal. The number of Os is the dimension 

of the radical of H . 

Proof. We follow the proof of Theorem 1.5. We start with a basis wi, . . . ,Wn 
for which the matrix of H is diagonal. Then for each i with H{wi,Wi) ^ 0, we 
choose flj such that af = ^^ J- . Such exists, since we are working with 
complex numbers. Then we set Vi = OiWi as before. □ 



1 

1 



. It 
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1 Symplectic forms 

We assume that the characteristic of our field is not 2 (so 1 + 1 ^ 0). 

1.1 Definition and examples 

Recall that a skew- symmetric bilinear form is a bilinear form fl such that 
= —Cl{w,v) for all v,w G V. Note that if f2 is a skew-symmetric 
bilinear form, then Q,{v, v) = for all v G V. In other words, every vector is 
isotropic. 

A symplectic form is a non-degenerate skew-symmetric bilinear form. Recall 

that non-dcgcncrate means that for all v G V such that v ^ 0, there exists 

w G V such that il{v,w) ^ 0. 

Example 1.1. Consider y = and take the bilinear form given by the matrix 

" 1" 

-1 

Here is a more general example. Let be a vector space. Define a vector 
space V = W ® W* . We define a bilinear form on W by the rule 

r2((i'i, ai), (w2, "2)) = a2(wi) - olx{v-2) 

This is clearly skew-symmetric. It is also non-degenerate since if (wi,ai) G V 
is non-zero, then either wi 7^ or ai 7^ 0. Assume that v\ ^ 0. Then we can 
choose a2 € V* such that a2{vi) ^ and so f2((i)i,ai), (0, a2)) 7^ 0. So is a 
symplectic form. 

1.2 Symplectic bases 

We cannot hope to diagonalize a symplectic form since every vector is isotropic. 
We will instead introduce a different goal. 
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Let V, be a vector space with a symplectic form. Suppose that dim V = 2n. 
A symplectic basis for 1/ is a basis gi, . . . , g„,pi, . . . ,p„ for V such that 



^{qi,Pi) = -1 
^{Pi,qj) = Oiii^j 



In other words the matrix for O with respect to this basis is the 2n x 2n matrix 

"o„ 

In 0„ 

Theorem 1.2. Let V be a vector space and let fl be a symplectic form. Then 
dimF is even and there exists a symplectic basis for V. 

Proof. We proceed by induction on dim V. The base cases are dim V = and 
dimV = 1. 

Now assume dim!/ = n and assume the result holds for all vector spaces 
of dimension n — 2. Let q G V, q ^ 0. Since fl is non-degenerate, there exists 
p GV such that n{p, q) ^ 0. By scaling q, we can ensure that Sl{p, q) = 1. Then 
^{q^p) = ~1 by skew symmetry. 

Let W = span{p, q)-^. So 

W = {vGV : n{v,p) = and n{v, q) = 0}. 

We claim that W n span{p, q) = 0. Let v GW C\ span{p, q). Then v = ap + bq 
for some a, 6 e F. Since v G W, we see that Sl{v,p) = 0. But il{v,p) = —b, so 
6 = 0. Similarly, il{v, q) = 0, which implies that a — 0. Hence v = 0. 

Since Q is non-degenerate, we know that dimVF + dim span{p,q) = dimV. 
Thus W e span(p, q) = V. 

To apply the inductive hypothesis, we need to check now that the restriction 
of n to W is a symplectic form. It is clearly skew-symmetric, so we just need 
to check that it is non-degenerate. To see this, pick w e W, w ^ 0. Then 
there exists v G V such that n{w,v) ^ 0. We can write w = u + u', where 
u gW and u' G span{p, q). By the definition of span{p, q), rt{u', w) = 0. Hence 
fl{u, w) ^ and so the restriction of il to is non-degenerate. 

We now apply the inductive hypothesis to W. Note that dim W = dim F — 2. 
By the inductive hypothesis, diml^ is even and we have a symplectic basis 
qi, . . . ,qm,Pi, ■ . -Pm where 2m = n — 2. Hence dimF is even. We claim that 
(ji, . . . , qm, q,Pi, ■ ■ . ,Pm,P is a symplectic basis for W. This follows from the 
definitions. □ 
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1.3 Lagrangians 

Let y be a vector space of dimension 2n and O be a symplectic form on V. Recall 

that a subspace of F is called isotropic if fl{wi, W2) = for all u>i, ^2 G W. 
This is equivalent to the condition that W C W-^. Since ft is non-degenerate, 
dimW^-"- + dimPF = dimF. Hence the maximum possible dimension of an 
isotropic subspace is n. An isotropic subspace L of dimension n is called a 

Lagrangian. 

Example 1.3. Let y be a 2 dimensional vector space. Then any 1-dimensional 
subspace is Lagrangian. 

We can also produce Lagrangian subspaces from symplectic bases as follows. 

Proposition 1.4. Let qi, . . . , qn,Pi, ■ ■ ■ ,Pn be a symplectic basis for V. Then 
span{qi,. . . , Qn), span{pi, . . . ,Pn) are both Lagrangian subspaces of V. 

Proof. From the fact that fl{qi,qj) = for all we see that Q{v,'w) = for 
all V, w £ span{qi, . . . , q-a). Hence span{qi, . . . , qn) is isotropic. Since it has 
dimension n, it is Lagrangian. The result for pi, . . . ,pn is similar. □ 

Now suppose that V = W (B W* for some vector space W and we define a 
symplectic form Cl on W as above. Then it is easy to see that W and W* are 
both Lagrangian subspaces of V. 
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Assume that all fields are characteristic (i.e. 1 H 1- 1 7^ 0) , for example 

F = Q, M, C. Assume also that all vector spaces are finite dimensional. 

1 Dual spaces 

If F is a vector space, then V* = L{V, F) is defined to be the space of linear 

maps from V to F. 

If Vi, . . . ,Vn is a basis for V, then we define a, G V^* for z = 1, . . . , n, by 
setting 



Proposition 1.1. ai, . . . , a„ forms a basis for V* (called the dual basis). 

In particular, this shows that V and V* arc vector spaces of the same di- 
mension. However, there is no natural way to choose an isomorphism between 
them, unless we pick some additional structure on V (such as a basis or a non- 
dcgcncratc bilinear form). 

On the other hand, we can construct an isomorphism tp from V to (V*)* as 
follows. If V gV, then we define ip{v) to be the element of V* given by 



for all a €V*. In other words, given a guy in V, we tell him to eat elements in 
V* by allowing himself to be eaten. 

Proposition 1.2. ip is an isomorphism. 

Proof. Since V and (V*)* have the same dimension, it is enough to show that 
tp is injective. 

Suppose that v € V , v 0, and ip{v) — 0. We wish to derive a contradiction. 

Since v ^ 0, we can extend to a basis Vi = v,V2, ■ . ■ ,Vn for V. Then let 
ai defined as above. Then ai{v) = 1 ^ and so we have a contradiction. Thus 
ip is injective as desired. □ 

Prom this proposition, we derive the following useful result. 




1, if i = j 
0, otherwise 



a{v) 



1 



Corollary 1.3. Let Q;i,...,a„ he a basis for V*. Then there exists a basis 
vi,. . . ,Vn for V such that 



for all i,j. 

Proof. Let wi,...,w„ be the dual basis to ai,...,Q:„ in (V*)*. Since V is 
invertible, tp~^ exists. Define Vi = tp~^{wi). Since is a basis, so 

is Vi, . . . ,Vn- Checking through the definitions shows that vi,. . . ,v„ have the 



2 Bilinear forms 

Let y be a vector space. We denote the set of all bilinear forms on V by (l/*)®^ 

We have already seen that this set is a vector space. 

Similarly, we have the subspaces Sym?V* and K^V* of symmetric and skew- 
symmetric bilinear forms. 

Proposition 2.1. (y*)®2 = Sym?V* ® A?V* 

Proof. Clearly, Syrn^V* n K^V* = 0, so it suffices to show that any biUnear 
form is the sum of a symmetric and skew- symmetric bilinear form. Let H he a. 
bilinear form. Let H be the bilinear form defined by 




desired properties. 



□ 




If a, /3 G F*, then we can define a bilinear form a (g) /? as follows. 



(a /?)(«!, W2) =a{vi)P{v2) 



for vi,V2 € V. 

We can also define a symmetric bilinear form a • /? by 



(a • (3){vi,V2) = a{vi)P{v2) + a{v2)P{vi) 



and a skew-symmetric bilinear from a A /? by 



{a A l3){vi,V2) = a{vi)l3{v2) - a{v2)P{vi) 



These operations are linear in each variable. In other words 



ci!(g)(/3-|-7) = a(8>/3-l-a(8>7 



and similar for the other operations. 
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Example 2.2. Take V = M?. Let ai,a2 be the standard dual basis for V*, so 
that 

ai{xi,X2) = xi, a2{xi,X2) = X2 
Then ai (8) 02 is given by 

(ai '^a2){{xi,X2),{yi,y2)) = xiy2 
Similarly ai A a2 is the standard symplectic form on M?, given by 

(ai Aa2)((a;i,a;2),(yi,t/2)) = a;iy2 -2:2^1 
ai • Q!2 is the symmetric bilinear form of signature (1,1) on given by 

(ai • a2){{xi,X2), (2/1,2/2)) = xiy2 + X2yi 

The standard positive definite bilinear form on M.^ (the dot product) is given 
by ai ■ ai + a2 ■ a2- 

3 Multilinear forms 

Let y be a vector space. 

We can consider fc-forms on V, which are maps 

H -.V X ■■■ xV ^¥ 

which are linear in each argument. In other words 
H{avi, ...,Vk) = aH{vi, ...,Vk) 

H{v + W,V2,..., Vk) = H{v, V2,-.., Vk) + H{w, V2,.-., Vk) 

for a S F and v, w,vi, . . . ,Vk E V , and similarly in all other arguments. 
H is called symmetric if for each i, and all vi,. . . ,Vk, 

H{vi, . . . ,Vi_i,Vi,Vi+i,Vi+2, ■■■,Vn) = H{vi,.. . ,Vi_i,Vi+i,Vi,Vi+2, ■ ■ • , «„) 

H is called skew-symmetric (or alternating) if for each i, and all vi,. . . ,Vk, 

H{vi, . . .,Vi-i,Vi,Vi+i,Vi+2, ...,Vn) = -H{vi,.. . ,Vi-i,Vi+i,Vi,Vi+2, ■ ■ • , «„) 

The vector space of all fc-forms is denoted (y*)®'= and the subspaces of 
symmetric and skew-symmetric forms are denote Sym''V* and A'^V*. 

3.1 Permutations 

Let Sk denote the set of bijections from {1, . . . , fc} to itself (called a permuta- 
tion). Sk is also called the symmetric group. It has k\ elements. The permu- 
tations occuring in the definition of symmetric and skew-symmetric forms are 



3 



called simple transpositions (they just swap i and i + 1). Every permutation 

can be written as a composition of simple transpositions. 

From this it immediately follows that if H is symmetric and if a G 5^, then 

H{V1, ...,Vk)= H{Va{l),- ■ ■ ,W<T(n)) 

There is a function e : Sk — > {1,-1} called the sign of a permutation, which 
is defined by the conditions that e((T) = — 1 if cr is a simple transposition and 

£(aic72) = £(cTi)e(a2) 

for all ai , (72 G Sk- 

The sign of a permutation gives us the behaviour of skew-symmetric fc-forms 
under permuting the arguments. If H is skew-symmetric and if cr G 5^, then 

H{vi,...,Vk) = e{a)H{v„(^i),--- ,v„(^n)) 
3.2 Iterated tensors, dots, and wedges 

If if is a A; — 1-form and a €V*, then we define ® a to be the fc-form defined 
by 

{H (g) a){vi, ...,Vk) = H{vi, Vk-i)a{vk) 

Similarly, if H is a symmetric k — 1-form and a gV*, then we define H ■ a 
to be the fc-form defined by 

{H <S:a){vi,.. .,Vk) = H{vi,.. .,Vk-i)a{vk) H h H{v2, ■ ■ .,Vk)a{vi) 

It is easy to sec that H ■ a is a symmetric /c-form. 

Similarly, if if is a skew-symmetric k — 1-form and a € V*, then we define 
if A a to be the fc-form defined by 

(H ^ a){vi, . . . ,Vk) = H{vi,...,Vk-i)a{vk) ± H{v2, ■ ■ ■ ,Vk)a{vi) 

It is easy to see that if A a is a skew-symmetric fc-form. 

Prom these definitions, we see that if ai, . . . , € V*, then we can iteratively 
define 

ai • • • ® ttfe := {{ai (g) 02) ® 0:3) ® • • • (8> a/s 

and similar definitions for ai ■ • ■ ak and ai A • • • A a^. 

When we expand out the definitions of ai ■ • ■ afc and ai A ■ ■ ■ Aak there will 
be fc! terms, one for each element of Sk- 

For any cr G 5*^, we have 

ai • • • afe = ao-(i) ' • • ao-(fc) 

and 

ai A - ■ ■ Aak = £i<7)o:„(i) A • • • A a^r^k) 

The later property implies that ai A ••• A a^; = if aj = for some i j. 
The following result is helpful in understanding these iterated wedges. 
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Theorem 3.1. Let ai, . . . ,ak G V* . 

ai A ■ ■ ■ A ak — if and only if ai, . . . ,ak are linearly dependent 

Proof. Suppose that ai, . . . , is linearly dependent. Then there exists Xi, . . . ,Xj~ 
such that 



and not all xi, . . . ,Xk are zero. Assume that Xk ^ 0. Let H = ai A ■ ■ ■ A au-i 
and let us apply HA to both sides of this equation. Using the above results and 
the linearity of A, we deduce that 



which implies that ai A • • • A = as desired. 

For the converse, suppose that ai, . . . , afc are linearly independent. Then we 
can extend ai , . . . , afe to a basis ai, . . . , a„ for V* . Let Wi, . . . , w„ be the dual 
basis for V. Then 



The same method of proof can be used to prove the following result. 

Theorem 3.2. Let v\,...,Vk G V. Then there exists H £ A'^V* such that 
H{vi, . . . ,Vk) 7^ if and only if vi, . . . ,Vk are linearly independent. 

In particular this theorem shows that A'^V* = if A; > dimV. 
3.3 Bases and dimension 

We will now describe bases for our vector spaces of fc-forms. 
Theorem 3.3. Let ai, . . . ,Q!„ be a basis for V*. 

(i) {ail (8) • • • (8) ajj^}i<ii,...,i^<„ is a basis for 

(ii) {ail ■ ■ • C(ik}i<ii<-<ik<n is a basis for Sym'^V*. 
(Hi) {ail A • • • A aij^}i<ii<...<ifc<„ is a basis for AW* . 

Proof. Wc give the proof for the case of {y*)'^^ as the other cases are similar. 
So simplify the notation, let us assume that k = 2. 

Let us first show that every bilinear form is a linear combination of {ui^aj}. 
Let i? be a bilinear form. Let vi, . . . ,Vn be the basis of V dual to ai, . . . , a„. 
Let Cij = H{vi,Vj) for each i,j. We claim that 



xiai H \-Xkak = 



Xfetti A • ■ • A afe_i A a*; = 



(ai A--- Aak){vi,...,Vk) = 1 



and so ai A ■ • • A afe 7^ 0. 



□ 



n 



n 
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Since both sides are bilinear forms, it suffices to cfieclc that they agree on all 
pairs {vk, Vi) of basis vectors. By definition H{vi., Vi) = Cki- On the other hand, 

n 71 \ n n 

^^Cij-aj (8)aj {vk,vi) = ^^Cijai{vk)aj{vi) = cu 
=1 i=i / i=i j=i 

and so the claim follows. 

Now to see that {a^ (8> oij} is a linearly independent set, just note that if 

n n 

i=l J=l 

then by evaluating both sides on {vi, Vj), we see that Cij = for all □ 
Example 3.4. Take n = 2, A; = 2. Then our bases are 

ai (g) ai , Q!i (g) Q!2,Q!2 (S) Ofi , 0:2 <8) Q!2 

and 

ai • ai,Q!i • a2,a2 ■ 0:2 

and 

ai A a2 

Corollary 3.5. The dimension of {V*)®'' is n'^ , the dimension of Sym'^V* is 
("+^"^) and the dimension of A'^V* is (l). 
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Tensor products 

Joel Kamnitzer 
April 5, 2011 

1 The definition 

Let V,W,X be three vector spaces. A bilinear map from x to X is a 
function H : V x W ^ X sucli tliat 

H{avi + V2,'w) — aH{vi, w) + H{v2, w) for wi, i;2 £ V, w G 14^, a G F 
H{v, awi + W2) = aH{v, wi) + i? (w, W2) for w G V, uii, G W, a G F 

Let V and W be vector spaces. A tensor product of V and W \a & vector 
space V along with a biUnear map (j) : V xW ^ V ® W, such that for 
every vector space X and every bilinear map H : V x W X, there exists a 
unique linear map T -.V (^W ^ X such that H = T o (p. 

In other words, giving a linear map from 1/ to X is the same thing as 
giving a bilinear map from V x W to X. 

li V is a, tensor product, then we write v ^ w := (j){v ® w). Note that 
there are two pieces of data in a tensor product: a vector space V (^W and a 
bilinear map ({> : V x W ^ V ® W. 

Here arc the main results about tensor products summarized in one theorem. 

Theorem 1.1. (i) Any two tensor products ofV,W are isomorphic, 
(a) V,W has a tensor product. 

(Hi) If vi, . . . ,Vn is a basis for V and wi,..., is a basis for W, then 

{Vi (g) Wj}i<i<n,l<j<m 

is a basis for V ^W. 

In particular, the last part of the theorem shows we can think of elements 
of y (g) W as n X m matrices with entries in F. 



2 Existence 

We will start by proving that the tensor product exists. To do so, we will 
construct an explicit tensor product. This construction only works if V, W are 
finite- dimensional. 
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Let B{V*,W*;¥) be the vector space of bilinear maps H -.V* xW* 
U V gV and w €W, then we can define a bihnear map v <Siw by 

{v (gi w){a, p) = a{v)p{w). 

Just as we saw before, we have the following result. 

Theorem 2.1. Let vi,. . . ,Vn be a basis for V and letw\,. . . , Wm be a basis for 
W. Then {u, (8> Wj}i<i<n,i<j<m is a basis for B{V*, W*;¥) 

Now, we define a map (p -.V xW ^ B{V*, W*;¥) by (f){v, w) =v^w. 

Theorem 2.2. B{V* ,W*;¥) along with (j) is a tensor product for V,W . 

Note that this proves parts (ii) and (iii) of our main theorem. 

Proof. Fix bases wi, . . . , w„ for V and wi, . . . , for W . 

Let X be a vector space and \ei H : V x W ^ X he a. bilinear map. We 
define a linear map T : V ®W X hy defining it on our basis as T{vi (E)Wj) = 
H(yi,Wj). Then T o (f> and H are two bilinear maps from V x W to X which 
agree on basis vectors, hence they are equal. (Note that it is easy to show that 
for any {v,w) G V x W, T{v ^w) = H{v,w).) 

Finally, note that T is the unique linear map with this property, since it is 
determined on the basis for B{V*,W*,¥). □ 

Using the same ideas, it is easy to see that L{V*, W), L{W*,V), and B{V, W; ¥)* 
are all also tensor products of V, W. 

3 Uniqueness 

Now we prove uniqueness. Here is the precise statement. 

Theorem 3.1. Let iy ® W)\,(f)\ and {V (g) W)2,<t>2 be two tensor products of 
V, W. Then there exists a unique isomorphism T : {V ^ W)i — »■ (V (g) W)2 such 
that (1)2 = T o (pi. 

Proof. Let us apply the definition of tensor product to {V ® W)x^(j>i with the 
role of X,H taken by {V ® W)2,(p2- By the definition, we obtain a (unique) 
linear map T : {V ®W)i {V W)2 such that (/)2 = T o 

Reversing the roles of {V ® W)i, (pi and {V (g) W)2, (p2, we find a linear map 
S : (V (gi W)2 ® W)i such that = S o (j)2. 

We claim that T o S = I(y^w)i. and S oT = I(y(^w)i and hence T is an 
isomorphism. We will now prove S oT = I(V(g)W)i- 

Note that (5* o T) o i^i = S o (j)2 = (pi by the above equations. Now, apply 
the definition of tensor product to {V ® with the role of X,H taken 

by {V (g W)i,(pi. Then both S oT and I(v«iW)i can play the role of T. So by 
the uniqueness of "T" in the definition, we conclude that S oT = I(V0W)i as 
desired. 
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Finally to see that the T that appears in the statement of the theorem is 
unique, we just note from the first paragraph of this proof, it follows that there 
is only one linear map T such that 4'2 = T o (pi. □ 
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